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I. DERIVATION OF THE BEARING ANGLE FORMULA BASED ON THE COSINE THEOREM

This section provides the exact derivation of the Bearing Angle (BA) formula. The literature on BA disagrees on the
formula (see [1] versus [2]). The goal of the full chain of derivation and graphical presentation is to provide a trustworthy
and checkable background for the provided formula.
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Fig. 1.  Derivation of the BA with all support variables. Deriving the Bearing Angle requires additional support variables that are introduced with this
figure. Using fundamental trigonometry allows derivation of the formula. Compare Fig. 2 of the paper.

The cosine theorem holds true for all triangles and is the central equality for the derivation.

Ansatz:
2 2 2 : (1)
Tio1; = Ti; +a” —2r jacos(Bi ;) (Cosine Theorem)
Introducing supporting variables at the positions given in Figure 1 allows substituting the missing quantity a.

h =r;;sin(Aa; ;) )
c=r;jcos(Aw; ;) 3)
b= Ti—1,5 — Ti,j COS(AOLLJ‘) (4)
a?=h*+b? )
a® = (rijsin(Aa;))? + (rio1,j — rij cos(Aay 5))? (6)
a® = ’/‘,ij (sin(Aozi7j))2 + ri2_1J — 27’1‘_17]'7’1',]' COS(AO@',]‘) + 7"142,]4 (COS(AO@;J))Q (7
a2 = Tiz-,j (sin(Aai7j))2 + Ti2.,j (COS(AO@J))Q + ’I"?_Lj — 27’7;_173‘7"1‘7]‘ COS(AO[LJ') (8)
a* =1+l = 2riymi cos(Day) 9

For a holds the condition a > 0 for all values, because the constraints r; ; > 0, r;,_; ; > 0 and 0 < Ac; ; < 7 result from
the properties of depth sensors.



The variable a is now substituted in the ansatz. Consequent simplification of the equations yields the final formula for
the bearing angle.

rfﬁl’j = r?’j +ad%— 2r; jacos(B;, ;) (10)
7“22,# = i + i + 7‘22,# — 2ri—1,57 5 cos(Aa; ;) — 21 5 \/rij + Ti2—1,j — 2r;_1,j7,5 cos(Aaqy j) cos(B; ;) (11)
0= 2@ +0- Zrifldmcos(Aai’j) - 2@\/72‘24 + r?_lﬁj — 211,575 cos(Aay ;) cos(Bi ;) (12)

0= i — Ti—1,jT4,5 cos(Aa j) — @\/rfj + 7"1'271,3' — 2r;_1 47i. cos(Aa; ;) cos(Bi, ;) (13)
O0=ri; —1ri1; cos(Aqy ) — l\/ﬁ%j + 7“1»271,]- — 2ri_1,;7 5 cos(Aay; ;) cos(B; 4) (14)
cos(fij) = rij — Ti—1,; cos(Aq; 4) 15)

2 2 e o
\/Ti,j + 1 T 2rie1yTi cos(Aa ;)

ri; —Ti—1,5 cos(Aay
arccos ,J i—1,j ( w) (16)

2 2 o .
\/Ti,j +riq ;= 2ric1,57i,5 cos(Aay )

=
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II. TRANSFORMATION OF BEARING ANGLE FORMULA INTO CALCULATION OF AN ANGLE BETWEEN TWO VECTORS

Subsequently, we want to demonstrate that the original formulation of the BA from Harati ez al. [1] (which was derived
from the cosine theorem in Sec. I) can be transformed to the calculation of an angle between two vectors. The original
formula is

Ti,j - Tifl’j COS(ACMi’j)

Bi,; = arccos (17)
’I"iz)j + Tzzfl,j — 27’1‘73‘7"1‘_1,]' COS(AO(Z'J')
5P
Aq; ; = arccos LY Ml (18)
J
IPijll2lPiz1ll2 )
with Bearing Angle 3; ; of 3D point P; ;jwith distance r; ; = ||P; j||2 from the sensor center, point P;_; ;jwith distance
ri—1,; = ||Pi—1,||2 from the sensor center, and angular resolution Ac; ; between points P; jand P;_q ;.

In the following, we replace a dot product with vector multiplication: P - P becomes PTP.

cos(Bs ;) = [Pijll2 = [[Pi—1,ll2 cos(Acv; ;) (19

3] T

VP13 + Piz1 5113 — 21Ps sll2]Pi—1,5]2 cos(Aas ;)
PlPi1;

1P jll20Pi-1,5ll2

A()zj_j =

(20)



cos(f; ;)

cos(Bi ;)

cos(f; ;)

cos(f; ;)

cos(fBi,;)

cos(fi ;)

cos(f; ;)

cos(fBi,;)

cos(f; ;)

cos(fi ;) =

cos(fBi,;)

COS(ﬂLj)

cos(f; ;)

replace:

cos(f; ;)

PT.P-,,;
IPisll2 = 1Pi1s ooy

VP15 + [Pi1 515 = 2Py jll2[Pi-1,][2 cos(Aa ;)

P/ P
1Pl = 1Pi-j ottty

VIPi 15+ Piz115 — 2[Pi[2Pi-1,5ll2 cos(Aauj)

P/ P,
1Pl — 1>

VIPi 13+ P13 — 2P

2||Pi—1,5ll2 cos(Aay ;)

[Pisle Pl Pi1y
||Pi,j||2upi,,:ug o Il\lj%,;\lz]

VIPil5 + Pim1;5 - 2[Py,

2||Pi—1jll2 cos(Aay ;)

;
IPi;l5—P/;Piry
P52

VIPi 15+ Piz115 — 2[Pi[2Pi-1,5ll2 cos(Aauj)

IPi;l5— PPy
2/ [P I3 + [Pi-1,4[13 — 2P jl[2[Piz1,;]l2 cos(Aev; )

P,

1P ;15 =Pl Piy

2 2 PPty
IPssll2q/ P sl13 + [Pi-1,5113 — 2IPi 2Pz, ll2 75

IPill5 =P Pi1;

%y
i,ill2Pi—1,5l2

P ST

B P13~ PLPiy
145l IP3 113 + [Pz 5113 — 2P TSP

PP =P Piy,
1P sll2/IP: 513 + 1Pi-1 513 = 2P Py 1,5

T T
PP =P Pi

2/IIPisIB + P13 — 2P, P

1P

Pl,(P;—Pi1;)
P52/ I3 + P15 — 2P P

Pl(Pi; —Pi_1;)
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Pl(Pij—Pi 1)

cos(Bi;) = (36)
HPi;jHQ\/PI,'Pi,j + Pi_1;— P,—'_r]'Pifl,j - P,
T
COS(IBZ’]) — Pi,] (P’LJ PZ*LJ) (37)
HPi,sz\/PI,-(Pz‘,j -Pi1j)+ (Pi1; — Pij)
PT.(P,.—P, ;.
COS(Bi’j) _ z,]( 2,7 G 17]) (38)
HPi,j||2\/P;‘.j(Pi,j -Pi1;) (Pij —Pi1;)
TP P .
cos(Bi,;) = Pis(Pis P:Lj) (39)
IPijll2y/(Pij — )T (Pij —Piz1j)
cos(B; ;) = PP~ Pi1y) (40)
1,7 -
1P jll2v/1Pij — Pi1ll3
cos(fi ;) = PZj Pij ~Pi1j) Compare Eq. (9) of the paper 41)
IPijl[20Pi; — Pi1jll2
—
P, (P, Pi,
cos(B; ;) = —23 (P LJ (42)
‘Pm" ‘(Pm' - Pi—l,jj‘
—
COS(ﬂi’j) = COS <[(Pi’j, Pifl’j) (43)
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